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’REEMPTIVE SCHEDULING OF PRECEDENCE-CONSTRAINED JOBS
N PARALLEL MACHINES

t.L. LAWLER

‘omputer Science Division, University of California, Berkeley, CA 94720, USA

\BSTRACT

’olynomial time-bounded algorithms are presented for solving three problems
.nvolving the preemptive scheduling of precedence-constrained jobs on paral-
-l machines: the "intree problem", the "two-machine problem with equal re-
.ease dates", and the "general two-machine problem". These problems are pre-
mptive counterparts of problems involving the nonpreemptive scheduling of

init-time jobs previously solved by Brucker, Garey and Johnson and by Garey
ind Johnson. The algorithms and proofs (and the running times of the algo-

‘ithms) closely parallel those presented in their papers. These results im-
)rove on previous results in preemptive scheduling and also suggest a close
‘elationship between preemptive scheduling problems and problems in nonpre-

mptive scheduling of unit-time jobs.

EY WORDS & PHRASES: preemptive scheduling, parallel machines, precedence
‘onstraints, polynomial time algorithm.

[OTE: This report will appear in Deterministic and Stochastic Scheduling,
{dited by M.A.H. Dempster, J.K. Lenstra and A.H.G. Rinnooy Kan, to be
wublished by Reidel, Dordrecht, in 1982,
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id only if there exists a schedule for which Lpgx < 0.)
We now indicatc the three special cases of the general probler
1ich are dealt with in this paper.

1e Intree Problem: All release dates are zero and the precedence
mstraints are in the form of a forest of intrees. That is, each
b has at most one immediate successor. In the notation of [5],

iis problem is essentially P|pmtn,intree|Lpay.
1e Two-Machine Problem with Equal Release Dates: All release

ites are zero and there are exactly two machines. This problem is
mnoted Q2|pmtn, prec|Lmax.

1e General Two-Machine Problem: There are exactly two machines.
1is is Q2lpmtn,prec,rj|LmaX.

It should be noted that, by symmetry of release dates and due
ites, other specifications are equivalent to the first and second
‘oblems above. The "outtree problem" with arbitrary release dates
id equal due dates (which may be assumed to be zero) is equivalen
» the intree problem. Similarly, the "two-machine problem with
[ual due dates" (and arbitrary release dates) is equivalent to
le two-machine problem with equal release dates. Minimizing maxi-

im lateness for each of these symmetric problems is equivalent to
nimizing

'his is the same as minimizing "makespan".) The algorithms pre-

:nted in this paper apply equally well to these symmetric problem
.th certain obvious modifications.

PREVIOUS RESULTS

more specialized version of the intree problem was considered by
intz and Coffman [11] and by Gonzalez and Johnson [4]. In this
'rsion, release dates are equal, due dates are equal and the ob-
:ctive is to minimize makespan, i.e. the problem is
pmtn, tree|Cpax. The Muntz-Coffman algorithm requires O(n?) time
id the Gonzalez-Johnson algorithm requires O(n log m) time. Our
‘ocedure solves the more general problem of Plpmtn,treeleaX in
n?) time. (In both [11] and [4] it is also assumed that the m
ichines are strictly identical.)

Muntz and Coffman [10] also solved a more specialized version
I the two-machine problem in which release dates are equal, due
ttes are equal and in which the two machines are identical, i.e.
!| pmtn, prec|Cpax. Horvath, Lam and Sethi [6] extended the Muntz-
»ffman algorithm to allow the two machines to have different
eeds, i.e. to Q2[pmtn,prec|CmaX. The running time required for
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the Muntz-Coffman and the Horvath-Lam-Sethi algorithms is
}, which is the same as we require for Q2|pmtn, prec|Lpax-

5 time bound does not take into account the time required to
in the transitive closure of the precedence constraints.)

It follows that all three problems dealt with in this paper
strictly more general than those for which polynomial-bounded
rithms have previously been obtained. However, for the more
ial case of the intree problem considered by Gonzalez and
son, the time bound for their algorithm is preferable.

The problems solved by Brucker, Garey and Johnson [1] and by
y and Johnson [2,3] differ from our problems in that jobs with
processing times (pj = 1 for all j) are to be nonpreemptively
duled on strictly identical machines. Our algorithms, theorems
oroofs are modelled closely after those in [1,2,3], and we
ave fairly similar running time bounds: For P|intree,pj:1|LmaX
ne bound of O(n log n) is achieved in [1]. (This can be reduced
(n) time, as shown by Monma [9]). For P|pmtn,intree|Lyax we
ire O0(n?) time. In [2], Q2 |prec,p4=1|Lmax is solved in 0(n?)

, the same as we require for Q2|pmtn,prec|Lpsx. (Time for

sitive closure not included.) In [3], O2|prec,pj—1 rj,djl— is
ed in O(n ) time, the same as we require for
mtn, prec, rj,djl . However, Garey and Johnson require only

log n) time for Q2|prec,pj 1 rjILmax: whereas the best time we
achieved for Q2|pmtn, prec, r3|Lmax is 0(n®).

LAN OF ATTACK

he next section we shall describe a priority scheduling algo-
m which can be applied to any instance of the three problems
ropose to deal with. This priority scheduling algorithm plays
same role as, but is necessarily more complex than, the list
duling procedure employed for nonpreemptive scheduling of
-time jobs in [1,2,3].

In general, there is no assurance that the priority scheduling
rithm yields an optimal schedule, or even finds a schedule in
h all jobs meet their due dates, if such a schedule exists.
e we consider special conditions under which the algorithm
ds such a schedule. For the problems Plpmtn,int}eeleax,
mtn, prec|Lpax, and Q2Ipmtn,prec,rj|LmaX we obtain successively
nger "consistency" conditions on the problem data and show that
hese conditions are met, then the priority scheduling algorithm
s an optimal schedule (or, in the case of the last problem, one
hich all due dates are met).

We than describe procedures for modifying due dates so that
appropriate consistency conditions are satisfied. We prove
. the priority scheduling algorithm finds a schedule meeting
modified due dates if and only if there exists such a schedule
. respect to the original due dates.

The general procedure for solving each of the three scheduling




N ~rFQ —~Q ~ ~ ~

wn

O~ ~—~W0 Hh o = 3

U Hh ~C ~C ittt ~Q 0 ~HQ

o o

PR~

1s is then:

mpute the transitive closure of the
'ssary for Plpmtn,intree|Lpax.)

xdify the due dates. (More than one
Wdification procedure required for Q
ply the priority scheduling algorit
of time intervals and the amount of
t interval.

mstruct an optimal schedule from th
.ing algorithm.

PRIORITY SCHEDULING ALGORITHM

ority scheduling algorithm schedule
\1s. Having scheduled intervals [tq,
-hm determines a schedule for the ne
ita for the jobs available for sched
» be available at time ty if:

< tx,
le processing of each of the predece
‘edence constraints ) has been comp
lere is a nonzero amount of processi
»on jJ.
le principal differences between our
1 for preemptive scheduling and the
ipreemptive scheduling of unit-time
‘iorities are assigned to jobs accor
d-—pjk) (where the smallest value h
ie of unit-time jobs, priorities are

‘iorities are dynamic. That is, the
1 other jobs is not necessarily know
» becomes available. (However, relat
change, as long as they remain avai
me jobs, priorities are static.
e time intervals [tyx,tkx+1] vary in
me jobs, each interval has unit len
'pically only a fraction of the tota
ob is done in a single interval. In
he processing of a job is "all or n
Ippose without loss of generality th
1le at tx and that these jobs are or
f priority, i.e.
b(k) < b(k) < ... < b(k).
1 2 n

bék) = dj—pgk), where p(k) > 0 is
ng to be doné on job j.) Let ng) b
job j to be done in the interval [t

‘dence constraints.

:ation of the due

1, r5 | Llmax.)
determine a se-

jok to be processed

wut of the priority

in successive time
.. [tx-1,tx], the
erval [tx,tk+1]
at tx. A job j is

of j (with respect
and
> 0 remaining to

ity scheduling al-
.cheduling algorithm
n[1,2,3] are:

© the values

hest priority). In
mined by due dates

ty of a job rela-
dvance of the time
iorities of jobs
) In the case of

. In the case of
‘essing required
ase of unit-time

re are n jobs
in nondecreasing

ount of processing
amount of process-
1, where




ty+1-tk. We propose to determine the values xék) by solving
following optimization problem:

+

.cographically maximize (b;k 1),bék+1),...,bik+1))
ject to
9 b(k+1) < b(k+l) < .. < b(k+1),

1 2 n
) maxs{xgk)} < A,

J 3

3) E,xgk) < (m-1+4s)A,

JJ
1) 0 < x{k) < pfk), for all j.

J J

iords, what we propose to do, subject to constraints (5.1)-(5.4),

0 process as much as possible of the highest priority job.
1, subject to this amount of processing of the highest priority
to process as much as possible of the job with second-highest
>rity, and so forth. Inequalities (5.1) require us to maintain
relative priorities of the jobs which remain uncompleted at
> tk+1. Inequalities (5.2) and (5.3) are well-known necessary
sufficient conditions for the processing amounts X3 to be
:dulable within an interval of length A. Moreover, given values
, J=1,2,...,n, satisfying (5.2),(5.3), a feasible schedule
the interval [ty,tyx4+1] can be constructed in O(n) time [5].
jualities (5.4) simply require us to do no more processing of
job than is required to complete it.
The interval length A is chosen to be the minimum of the next
:ase date (if any), i.e.

min.{r‘.|r. > t }r
J 3 3 k

the smallest value necessary to complete at least one available
» when the x(k) values are chosen as above.

Let us now consider the form of a solution to the optimization
>lem posed above. We begin with the case in which A is fixed

the values pgk) are suitably large, e.g. pgk > A. If there
m-1 or fewer available jobs, the choice of the xjk) values is
dle:

X = A, for all j.

5 solution is indicated in Figure 1(a), in which each job j is
resented by a bar extending from bjk to dj. The shaded portion
>ar j represents x:7/.

Now suppose that there are at least m jobs available at time
We assert that the X5 values are determined by two parameters:
integer u, 1 < u £ m, and a real number T. For given u and T,
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determined by release date.

b) n=m

—

Figure 1. Scheduling when tk+1

x) (B I <
| :{

J max{O,T—bék)}, j > u.

A solution of this form is illustrated in Figure 1(b).




For convenience, let v be the index such that bék) < T - b(ﬁ)

v+l

are bnﬁ% = +). We assert that u and T provide an optimal solu-
1 to our optimization problem if they are such that
5) b(k)+£ < T,

u-1
- : k
5) 2V r-p%) = mewse s,

J=u J

juality (5.5) insures that the ordering conditions (5.1) are
isfied. Equation (5.6) implies that the total capacity of ma-
1es u,u+l,...,m is completely utilized in processing jobs
t+1,...,v (while machines 1,2,...,u-1 are completely utilized in
cessing jobs 1,2,...,u-1). There is thus no idle time on any of
m machines; in order to increase the amount of processing of
job, we would need to decrease the amount of processing of

> other job, thereby violating conditions (5.1). We assert that
is intuitively obvious that such a solution is optimal.

The procedure below computes u, v and T for an interval length
earmined by a fixed value of tyiy4q, under the assumption that
cessing requirements are large, e.g. Pj 2 ty41-tk, for all j.
procedure begins with A = 0, u=v =mand T = bék). T is then
reased in steps, where at each step the increase in T is limited
the amount required before (i) u must be decremented, (ii) v
t be incremented, or (iii) the corresponding value of A becomes
al to tix41-tk. (This latter is determined by the total amount
processing P which must be done on jobs u,u+l,...,v and the
acity of machines u,u+l,...,m in a time interval of length
1-tk.) There are at most n steps and the procedure requires at
t O(n) time.

ED INTERVAL PROCEDURE

ut: m,s, specifying machine environment;
bj, j=1,2,...,n, specifying job priorities;
tx,tk+1, specifying a fixed interval.
put: u,v,T, specifying processing amounts in interval (it is

assumed that processing requirements are large).
in procedure
= 0;
= m;
= m;
:= bpi
:= 0;
while A < ty41-tx
do while T = b,_1+4

wH< e B>

do u := u-1;

o P := P+A

od;

while T = byyq

do v := v+l [If v = n then let bpy1 = +=.]

od;
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T1 = ((by-1+&) (m-uts) - (v-u+1)7T)/((m-u+s)-(v-u+l));
T2 = byt1i
T3 = T + (txy1-tg-4) (m-u+s)/(v-u+l);

[T1,T2,T3 are limits on the new size of T, as described
in text.]

T' := min{Tqy,Ty,T3};
P := P + (v-u+l) (T'-T);
L := P/ (m-u+ts)

od
1d procedure.

Now let us consider how to determine 2 in the case that the
aterval length is to be just large enough so that one or more
obs are completed. Clearly, when 4 is properly determired and
,v,T are found as above, we should have

5.7) b.+4 <d., j=1,2,...,u-1,
5.8) T <d,, Jj=u,u+l,...,m,

ith equality in at least one case. -

Our strategy is as follows. We first carry out a computation
2ry much as in the fixed interval procedure, but with two modifi-
ations: :

1} When T is stepped, T is not permitted to violate conditions
5.8). When T = dy, for some j 2 u, the computation stops.

2) When u is decremented, the condition by-1+A > dy-1 is checked
1en this is found to hold, the computation stops.

We shall call the modified procedure the "variable interval
rocedure". (We leave implementation of the modifications to the
2ader.) At the conclusion of the variable interval procedure we
rall have either:

1) determined u,v,T for the interval [tk,tk+1], without violatin
5.7) or (5.8);

2) found values u,v,T and A < tyy1-tx such that (5.7),(5.8) are
atisfied, and one of the constraints (5.8) is satisfied with
Juality;

3) found values u,v,T and A < tyg41-tx such that conditions (5.8)
re satisfied, but at least one constraint (5.7) is violated.

In the first two cases we are done: the value tyyq1 = tyx+A
ound by the procedure is correct. In the third case, the correct
alue of tx4+1 is simply

k)I

t =t + min{p; 1 <9 < u-1}.

k+1 k
anning the procedure one more time with the correct value of
k+1 completes the computation.
We are now ready to indicate the complete priority scheduling
rocedure.




JRITY SCHEDULING PROCEDURE

1t: m,s, specifying machine environment;
triples (pj,rj,dj), j=1,2,...,n, specifying jobs;
an acyclic digraph specifying precedence constraints.
>ut: intervals gtk'tk+1]r k =1,2,...,N-1, where N <€ 2n-1;
values x: z 0, indicating the amount of processing of

job j to be performed in interval [ty,tk+1]-.
in procedure
compute the in-degree of each job;
create a priority gqueue Q (by release date) containing all
jobs with in-degree zero;
create a list A of available jobs in nondecreasing order of
bj (job priority) values; initially A is empty;
k := 0;
while Q is nonempty
do k := k+1;

tg == min{rj[j € Q};
add to A and remove from Q all jobs in Q such that
ry = tx;

while A is nonempty

do  tg41 = min{rjlj € Q};
apply the variable interval procedure to the jobs
in A; if the resulting values of A,u,v,T violate
conditions (5.7), rerun the procedure with tx4+1 =
tyx + min{p(k)ll < j < u-1}; [This determines u,v,T,
and X300 for all j.]
remove from A all jobs completed in the interval
[tk,tk+1J; for each such job decrement the in-degree
of each of its successors and place in Q each job
whose in-degree is reduced to zero;
add to A and remove from Q all jobs in Q such that

od
procedure.

assert that the priority scheduling procedure can be implemented
run in O(nz) time overall. As we commented above, the output of
procedure can also be transformed into an actual schedule in

2) time.

4 USEFUL LEMMA
wish to consider the effect of applying the priority scheduling
cedure to jobs whose due dates satisfy the consistency condi-

ns

1) dy < by whenever j > k
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6.2) ry = by for all j.
he following is a self-evident property of the priority scheduling
rocedure.

'ROPOSITION. The procedure fails to schedule all jobs to meet due
'ates if and only if at some interval [tg_q,ty] there is a job j
‘available at t¢_1) for which ng) < ty.

EMMA 6.1. Suppose the priority scheduling algorithm is applied to
. set of jobs for which (6.1) and (6.2) hold. Let [t{,_1,t;] be the
arliest interval at which there is a job j with b§£ < ty. Then
L) 2« tg for all jobs scheduled for processing in the interval
nd there is no idle time on any of the machines in the interval.
'roof. Assume the jobs are numbered so that b{g_l) < bﬁg_l) < ...
p{t=1), bM< bi < ... < i Then b < tg. Ifn > m and
. = 1 the result follows immediately.
So let us sugpose that either n € m-1 or n 2 m and u 2 2. Then
e would have bf{") = p{*Dito £y 4 ana b{& D < £, 4. 1F 2 > 2
nd job 1 was available at tg-», then [ty_1,ty] would not be an
arliest interval at which there is a job j with b]U < ty. If
- =1 or if job 1 was not available at tg-p, then job 1 first be-
ame available at tg_j. This implies that either rq = tgp_q1 > b{z—l)
b1, in contradiction to (6.2), or that some job j, with j - 1,
‘as completed in the interval EtQ—ZrtZ—ljf But if this latter were
he case, then, by (6.1), b~ )72 dy < by = b&z"l) < ty_1 and
tg-1,tg] would not be the earliest interval with a p{®) < . 1t
ollows that n 2 m and u = 1, and the lemma is proved. (]

THE INTREE PROBLEM

'e now turn to the in-tree problem, P|pmtn,intree|Lpax. Each job
as at most one immediate successor and r4 = 0 for all jobs.

We first consider the question of whether or not there exists
. schedule meeting all due dates. If a job k is to meet its due
.ate dg, then the latest possible time at which its processing can
'egin is bgx = dx-px. If j > k, job j must be completed by time by,
lse k will be late. Thus not only must job j be completed by time
-j» it must be completed by time bk. Since the processing of job j
lust obey both constraints, we can replace due date dj by a new
ue date 4! = min{dj,bk} without changing the problem in any essen-
ial way. A schedule meets all due dates in the new problem if and
mly if it meets all due dates in the original problem. This type
'f due date modification can be applied repeatedly until we finally
btain an equivalent problem having modified due dates dﬁ satisfy-
ng the consistency conditions




L) d% < bi = dg—pk, whenever j - k.

following simple algorithm constructs such a set of modified
dates and can be implemented to run in time O(n).

DATE MODIFICATION PROCEDURE
it: m,s, specifying machine environment;
ordered pairs (pj,dj), j=1,2,...,n, specifying jobs;
an acyclic digraph in which each node has out-degree at
most one.
>ut: modified due dates di, jg=1,2,...,n.
in procedure .
for each job j which has no successor
do di 1= dj
od;
while there is a job which has not been assigred its modified
due date and whose immediate successor k has had its due date
modified, select such a job j and

do 4§ := min{dy,bg = dg-py}
od
procedure.

arguments above establish the following result.

1A 7.1. There exists a schedule meeting the original due dates
and only if there exists a schedule meeting the modified due
2s.

JREM 7.2. The schedule obtained by applying the priority sched-
1g algorithm to the problem with modified due dates meets all
jinal due dates if and only if such a schedule exists.

>f. Since dﬁ < d4, for all j, if the schedule obtained by apply-
the priority scheduling algorithm meets the modified due dates
1 it meets the original due dates. So suppose the schedule ob-
1ed does not meet the modified due dates. We shall show that

5 implies that there exists no schedule meeting the modified
dates. Then, by Lemma 7.1, there is no schedule meeting the
jinal due dates.

So suppose the schedule does not meet the modified due dates
let us apply Lemma 6.1. Let [tg_q,tg] be the earliest interval
vhich there is a job j with p{?) =1 < ty. We assert that in
1 earlier interval [tk—lgtk]' k=1,2,...,2-1, there is no idle
> on any machine and bjk < T for each job processed in the
crval. For suppose this were not the case. Then at least one
j processed in [tg_l,tg] was unavailable at ty_1, else the
>rithm would have scheduled it (in preference to idle time or
1 job i with bi N T). But j could only have been unavailable
tx—1 because one or more of its predecessors was not yet com-

ted. But for each predecessor i of j, dj < bi, so necessarily
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{k) = T. No two jobs processed in [ti_l,tﬁj have a common predec-

essor (a property of intree orders), so we have established cur
ssertion.
Let
P.. t z 4dt,
o, (t) ={3 )
J

max{0,p.-(d'-t)}, t < 4a'.
J ] J

hen pj(t) denotes an amount of processing that must be done on
ob j prior to time t, if its due date is to be met. The above
nalysis shows that

L., p.(T) 2 (m+s-1)t_ > (m+s-1)T.
J pj )

n other words, there is more processing which must be performed
efore time T than the m machines have processing capacity. Hence
here can be no schedule meeting the modified due dates and the
heorem is proved. [J

As it turns out, not only have we solved the problem of con-
tructing a schedule meeting all due dates, if such a schedule

Xists, but we have also solved the problem of minimizing maximum
ateness.

HEOREM 7.3. The schedule obtained by applying the priority sched-
ling algorithm to the problem with modified due dates minimizes
aximum lateness with respect to the original due dates.

roof. The problem of minimizing Lpayx is clearly equivalent to the
roblem of determining the smallest possible value of L such that
hen the original due dates dy are replaced by due dates d4+L,
=1,2,...,n, there exists a schedule meeting the new due dates.
ut for any such L the modified due dates are simply changed by

he same constant L. That is, if modified due dates dﬁ are obtained
rom the original due dates dj and d% are obtained from due dates
5+L, then dﬁ = d5+L, j=1,2,...,n. (This can be proved by
traightforward induction.) Moreover, the priority scheduling al-
orithm yields precisely the same schedule when apblied to due

ates dg and di. (We also omit proof of this fact, considering it

o be obvious.? It follows that the schedule constructed by the
lgorithm when applied to the problem with modified due dates di
inimizes maximum lateness. [J

Notice that if all the original due dates are the same, our
rocedure constructs a schedule which minimizes makespan. However,
s we pointed out earlier, the algorithm of Gonzalez and Johnson
4] provides a running time of O(n log m), whereas ours is O(n?).




(HE TWO-MACHINE PROBLEM WITH UNIFORM RELEASE DATES

let us consider the two-machine problem with uniform release
s, Q2|pmtn,prec|Ly,x-

We first consider the question of whether or not there exists
hedule which meets all due dates. As in the case of the intree
>lem, we note that due dates can be modified so as to observe
jition (6.1). However, additional modifications are necessary,
vell as more notation.

As in the proof of Theorem 7.2, let us define

P.:. t >24d.,
p.(t) = { J J
J max{0,p.-(d.-t)}, t < 4d,.
J J J
vords, pj(t) is a lower bound on the amount of processing that
: be done on job j prior to time t, if job j is to meet its due
2. Let S(j) denote the set of all successors (immediate or not)
job j. Then in any schedule in which each successor k of j
:s its due date, it must be the case that

1
C. £t -

11 >
j Tvs Tkes(j) Px(P)s for all £ =d..

reason for this is that the processing capacity of the two
1ines in the interval [Cj,t] is (1+s)(t—Cj) and this must not be
5 than the total amount of processing of the successors of j
h must be performed prior to t.

This suggests the additional consistency condition

1
L < - j > .
) dj t Trs Zk(S(j) pk(t), for all j and t dj

cunately, in order to modify due dates so that they conform
1 this consistency condition, it is not necessary to check
L) for all values of t 2 dj.

1A 8.0. If for given j, conditions (8.1) are satisfied for all
] >
a e {dklj k},

1 condition (8.1) is satisfied for all t = dj.

>f. Let t 2 dj and let

d

Il

min{dk|dk > t, j >k},

1l

< ] >
d max{dkldk < t, j k}.
>oth sets above are empty, then j has no successors and (8.1)
clearly satisfied. If the first set is empty, but not the
ond, d = max{dxlj =+ k} and it is easy to verify that satisfaction
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>f (8.1) for d implies satisfaction for t. There is a similar ar-
jument if the second set is empty. SO assume neither set is empty
ind d,d are both well defined.

If Ipp(d) = Ipg(t) - (14s) (t-d) or if Ipy(d) 2 Ipy(t) +
(1+s) (d-t), then satisfaction of (é.l) for d,a, respectively,
-mplies satisfaction for t. Suppose that Xpi(d) < Ipx(t) -

(1+s) (t-d) and Ipk(d) < Ipy(t) + (1+s)(d-t). Examination of the
lefinition of pj(t) reveals that
lp, (t) - Zpk(g) . Zpk(d) - Zpk(t)

k

’

t-d : d-t

thich yields a contradiction. [J

‘he following algorithm constructs a set of modified due dates
satisfying both (6.1) and (8.1). It can be implemented to run in

) (n?) time, provided precedence constraints are already in transi-
:ively closed form.

JUE DATE MODIFICATION PROCEDURE
‘nput: s, 0 < s £ 1, specifying speed of second machine;
ordered pairs (pj,dj), j=1,2,...,m, specifying jobs;
a transitively closed acyclic digraph specifying prece-
dence constraints -.
utput: modified due dates dﬁ, j=1,2,...,m.
)egin procedure
for each job j which has no successors
do  dj := dj
od;
create two ordered lists of jobs whose due dates have been
modified, one ordered by modified due dates d}, the other
ordered by the values bi = dﬂ"Pj7
while there is a job which has not been assigned its modified
due date and all of whose successors have had their due dates
modified, select such a job j and
do scan the two lists of dﬁ and bi values, extracting all
the successors of j;
merge the two sublists and use the merged list to compute
the sum Iyx.g5(5) Px(d'), for each modified due date Q'
assigned to a successor of j; [All such sums can be com-
puted in O(n) time. ]
dy := min{dj,ming+{d' - Ipy(a')/(1+s)}};
for each successor k of j
do di = min{d‘,bk = dﬁ‘Pk}
od;
insert dﬁ, bi = dﬁ—pj into ordered lists

od
:nd procedure.




MA 8.1. There exists a schedule meeting t
and only if there exists a schedule meeti
es.

OREM 8.2. The schedule obtained by applyi
ng algorithm to the problem with modified
original due dates if and only if such a

of. As in the proof of Theorem 7.2, if th
lying the priority scheduling algorithm m
es, then it meets the original due dates.
schedule obtained does not meet the modi
show that this implies that there exists
modified due dates.

Let [ty_1,tg] be the first interval in
e job j. By Lemma 6.1, there is no idle t
s interval and béz) =T < ty for all jobs
—1.,tgl.

Case 1. In each earlier interval [tk-1,
e on any machine and béz) < T for each jo
erval. Then we have

Zj pj(T) > (1+§)t1 > (1+4s)T,
there can be no schedule meeting the mod
Case 2. There is an earlier interval [t

either idle time or a job j is processed

-1,tx] be the latest such interval. It mu
jobs processed in [tz_l,tgj are unavaila

~1,tx], from which it follows that some j

pleted in [ty_1,t)] which is a predecesso
j be this job. By (8.1),

, 1
4 =T - 105 Ykes(9)Px (T
Pres(3) P (T 2 (148) (£ -t ) > (L+s

ch implies @y < ty. But ay = bik) > ¢, v
tion. Hence Case 1 must apply and there c
ting the modified due dates. [J

OREM 8.3. The schedule obtained by applyi
ng algorithm to the problem with modified

imum lateness with respect to the origina

of. Similar to that for Theorem 7.3. [J

>

ginal due dates
modified due

priority sched-
ates meets all
ule exists.

dule obtained by
he mocified due

s before, suppose
ue dates and let
edule meeting

béﬁ) < tyg for
any machine in
cessed in

ere is no idle
essed in the

due dates.

] in which there
> T. Let

the case that

Y processing in

s processed and

11 such jobs.

),
‘ields a contra-
st no schedule

v priority sched-
'ates minimizes
dates.
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. THE GENERAL TWO-MACHINE PROBLEM

ow consider the general two-machine problem, Q2|pmtn,prec,rjILmaX:
here are arbitrary release dates and precedence constraints, but
'f course only two machines.

Once again we first consider the question of whether or not
here exists a schedule which meets all due dates. Consistency
onditions (6.1) and (8.1) apply as in the previous section, but
re not strong enough for our purposes. More restrictive conditions
an be formulated as follows.

Let pj(t) be some known lower bound on the amount of process-
ng of job j which must be done prior to time t. A function defin-

ng lower bounds of this type will be required to satisfy the con-
itions

v
Q

- p., t 24,
9.0) p.(t) { J )
] > max{o,pj(t')—(t'—t)}, t <t'<d..

A

or given j,r,t, with r4y < r < t, define
J

P(j,r,t) = I (t)

+ .
kes(§) Px "k¢s(3)  ryr,kzg Px(H)

f P(j,r,t) > (14s)(t-r), the amount of processing to be done
rior to time t and after the completion of job j exceeds the
otal processing capacity of the two machines in the interval
r,t]. It follows that if all due dates are to be met we must have

1
< _—— ]
cj St - 1o POLr,t).
imilarly, if P(j,r,t) < (1l+s) (t-1r), (1+s) (t-x)-P(j,r,t) is an

pper bound on the amount of processing of job j which can be done
n the interval [r,t]. It follows that we should have

pj(r) > pj(t)—(1+s)(t—r)+P(j,r,t).

Motivated by these observations, we frame the following defi-
ition.
efinition. Release dates ry and due dates dy, j = 1,2,...,n, are
nternally consistent if there exist functions pj(t) satisfying
9.0), such that for all j,r,t, with ry < r £ t,

9.1) r, 2 r +p, whenever i - j,
j iFi
9.2) dj < t—pk(t) whenever j - k,
9.3) pj(rj) =0 for all j,
9.4) d, £t - L P(j,x,t) if P(j,r,t) > (1l+s) (t-x),

j 1+s




>) p.(r) z p. (t)-(1+s) (t-r)+P(j,xr,t)
J J if P(3,r,t) < (1+s) (t-r).

The following lemma shows that in order to establish internal
sistency of due dates, it is unnecessary to verify conditions
1)-(9.5) for all j,r,t, with ry < r < t. It is sufficient to
sider only r ¢ R, t ¢ RUD, where R = {rplk = 1,2,...,n},

{dglk = 1,2,...,n}.

1A 9.0. Let pj(t) be functions with domain RuD. If these func-
ns satisfy (9.0)-(9.5) for r € R, t € RuUD, then the due dates
internally consistent.

of. Extend the functions by the rule

P.: t2d.,
p.(t)={j J
J max{O,pj(t')—(t'~t)}, t < dj.

lemma follows by reasoning similar to that used in the proof
Lemma 8.0. [J

na 9.0 suggests that it is possible to construct an algorithm
modifying due dates, based on the construction of functions

t) over the domain RUD. We shall employ three loops in this al-
ithm. The outer loop considers values of t € RUD, in decreasing
2r. The middle loop considers values of j, in arbitrary order,
the inner loop considers values of r € R in increasing order.

For a given triple t,j,r, the algorithm compares P(j,r,t) with
s) (t-r) and modifies either dy or p4(r), in accordance with
4),(9.5), as necessary. When the processing of j is completed

a given value of t, the values pj(u), u £ t, are revised to
form with condition (9.0). The algorithm then halts if

rj) > 0, in violation of (9.3). The due dates of predecessors
j are then modified in accordance with (9.2).

Each value t considered in the outer loop is either a (fixed)
ease date or a due date which remains unchanged by any further
cessing. Because of the maintenance of conditions (9.2), if

d4 then pg(t) = 0 for all successors k of j. Hence if

,r,t) > (1+s) (t-r) (which is the only condition under which dj
be changed), then P(k,r,t) > (1+s) (t-r) for any job k such that
rx, and py(rx) > 0, in violation of (9.3). It follows that at

t 2n values of t are considered by the outer loop.

We next note that P(j,r,t) is determined only by the values
px(t), k =1,2,...,n. Since values of t are processed in de-
asing order, the values pk(t) are not changed by further repe-
ions of the loop. It follows that if the due date modification
orithm runs to termination without halting because of violation
condition (9.3), the functions pj(t) constructed by the algo-
hm satisfy conditions (2.0)-(9.5). By Lemma 9.0, the modified
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2s are then internally consistent.

i

% MODIFICATION PROCEDURE

m,s, specifying machine environment;

triples (pj,rj,dj), j=1,2,...,n, specifying jobs;

a transitively closed acyclic digraph specifying prece-
dence constraints -.

[We assume that

max{rj+pili = 3},

[\

*3
d

IN

3 < min{di-pilj > i};

if this is not so, release and due dates should be modi-
fied accordingly.]

modified due dates dj, j=1,2,...,n, or indication that
release dates and due dates are not internally consisten
rocedure
= {rjlj =1,2,...,n};
= {dj|j =1,2,...,n};
o)p if all t € RUD have been considered
then stop
fi; [Modified due dates are internally consistent. ]

set t to the largest value in RUD less than current t;

for all j with dj <t

do r := ¥Y4;
P(J,r,t) := Ixes(j) Pk(t) + Ix¢s(3),rkx2r Pk(t);:
while there is an r' in R such that r < r' < t, let
r' be the smallest value in R greater than r and
do  P(j,r,t) := P(j,r,t) - Zk¢S(j),rSrk<r' Pk (t);

r :=xr';
EE'P(j,r,t) < (1+s) (t-r)
then py(r) max{p4(r) ,pj(t)-(1+s) (t-xr)+P(j,x
else dj := min{dj,t - P(j,r,t)/(1+s)};
update D, as necessary

Il

fi
od;
let ry = uy <up < ... <uy =t be the different
values in RuUD between ry and t; '

if pj(uj) has not previously been computed

then py(uj) :=0

fi;

for i = £-1,8-2,...,1

do  py(uj) := max{pj(uj),pjluj4q)-(ujyq-us)}
od;

if pj(rj) > 0

then stop

fi; [Due dates are not internally consistent. ]
t' := min{u € RUD|p4j(u) > 0},

for each k such that k - j




do dg := min{dk,t'—pj(t')}

od
forever
procedure.

.ce that the for loop on j is executed 0(n?) times and that the
>utation of P(j,r,t) requires only O(n) time. The while loop on
5 executed O(nz) times and the revision of P(j,r,t) requires at
: one reference to a given job k, k ¢ S(j), for each combination
: and j. Hence only 0(n?) time is required for the revision of
Y,t). A similar analysis of other details confirms that the
>rithm runs in O(n3) time.

We now wish to show that if due dates are internally consis-
:, then there exists a schedule meeting all due dates. We shall
this, not by applying the priority scheduling algorithm direct-
0 the n jobs with modified due dates, but by applying the
>rity scheduling algorithm to a new problem with an expanded
of 0(n?) jobs.

Suppose at the termination of the due date modification al-
-thm there is a job j and a t ¢ RuD, t < dy, such that p5(t),
computed by the algorithm, is such that

(t > ._(d._t)r
pJ ) p] J

‘e dj is the modified due date. If we were simply to apply the
>rity scheduling algorithm to the original set of jobs with
tfied due dates, it might fail to schedule a sufficient amount
>rocessing for job j prior to time t, thereby constructing a
:dule which fails to meet due dates, though such a schedule
sts. To overcome this difficulty, we replace each job j by a
ln of smaller jobs, as follows.

Let pj(t), j = 1,2,...,n, t € RuD, be the values computed by
due date modification algorithm. For each job j, let

< < =
{ulu € RuD, pj(u) >0, u < dj} {ul,uz,...,ul},
1u] <u2 < ... <uy =dj. Create & new jobs, j(1),3(2),...,3(2).
Pj(1) = pjlug), dy(1) = up, rj(1) = rj, and set pj(i+1) =
1i+1)-P5(ui), dy(i+l) = Ui+l, Tj(i+1) = dy(i)s for i = 2,3,...,%.

lace job j by the £ new jobs, and modify the precedence con-
iints so that h - j(1), for all h » j, j(R) = k, for all j - k,
j(i) » j(i+1l), for i = 1,2,...,8-1.

0SITION. There exists a schedule meeting the modified due
2s of the n jobs if and only if there exists a schedule meeting
due dates of the expanded set of jobs, as obtained above.

1lso note that any feasible schedule for the O(n?) jobs is easily
1sformed into a feasible schedule for the original n jobs.




21

>

HEOREM 9.2. If due dates and release dates are internally consis-
ent, then there exists a schedule meeting all due dates.

roof. Apply the priority scheduling algorithm to the expanded set
f O(n?) jobs obtained as above. Suppose it fails to obtain a
chedule meeting all due dates, and let [tg_l,tg] be the first
nterval in which there is a job j with b Ll=p < tyg.

Case 1. In all earlier intervals [tyl1,tx] there is no idle
ime and there is no job i with bék > T. Then

Zi pi(T) > (1+s)(t2~r1) > (1+s)(T—r1),

here rq1 is the earliest release date. But this is not possible,
lse py(ry) > O.

Case 2. There is an earlier interval [tk-1,tx] in which there
s either idle time or some job i is processed with b > T. Let
tx-1,tx] be the latest such interval.

a) Suppose that a job h is completed at time tx. Then each job
rocessed between time ty and time ty is either a successor of job
or is a job with release date ty or later. (Note that condition
9.1) insures that each successor of a job with release date tx or

ater has a release date later than ty.) It follows that

P(h,tk,T) = (1+s)(t£—tk) > (1+s)(T—tk).

ut this is not possible, else dn < tx and [t%_},tg] would not be
n earliest interval with a job j such that b} < ty.

0) Suppose that no job is completed at time tx, but tx is the
2lease date rp of a job h. By an argument similar to the above,

t follows that pp(rp) > 0, which is not possible by internal con-
istency. 0

2 note that although the priority scheduling algorithm is applied
> 0(n?) jobs, the time required for the computation is bounded by
(n3). The precedence constraints are such that at most n jobs are
vailable at any given time and the number of intervals is O(n<).
t follows that O(n3) time is sufficient to determine whether or
>t there exists a schedule meeting all due dates.

Unfortunately, it is not possible to minimize ‘maximum lateness
s easily as in the previous two sections. It is clearly not the
ase that if L is added to all due dates then all modified due
ates are changed by the same constant L.

One way to minimize maximum lateness is to apply the technique
f Meggido [8]. In this approach, the due date modification algo-
ithm is applied to due dates d4+L, where L is maintained as a
ymbolic variable. Each time a numerical comparison is made whose
atcome depends upon the value of L, there is an easily computed
critical" value L* such that one outcome occurs if L < L* and
nother if L > L*. If the minimum value of L yielding an internally
onsistent set of due dates is already known to be larger or




>

ler than L* there is no ambiguity about the outcome of the
arison. Otherwise, the due date modification algorithm is ap-
'd to due dates d4+L*. If the resulting due dates are internally
‘istent, the desired value of L is known to be no greater than
otherwise, the desired value is known to be larger. Proceeding
his way, one can determine the minimum value of maximum late-

in 0(n?) applications of the due date modification algorithm,
)(n®) time overall.

EXTENSIONS AND GENERALIZATIONS

possibilities for finding polynomial time algorithms for more
:ral cases of the problems considered in this paper appear to
.imited. NP-hardness proofs exist for several more general
>lems.

In the context of nonpreemptive scheduling of unit jobs,

’ker, Garey and Johnson [1] showed that the intree problem
)mes NP-hard if outtree constraints replace intree constraints
. release dates remain equal and due dates are arbitrary). The
>lem P|pmtn,outtree|Llyax is NP-hard [7], since there is no ad-
:age to preemption for. the subclass of problem instances of
zttree,pj=1|LmaX shown to be NP-hard in [1].

One question which remains unresolved is the status of the
ee problem when generalized to allow the m machines to have
lerent speeds instead of m-1 identical machines and one possibly
ver one. The algorithmic approach taken here appears to be not
e adequate for this case.

Also with reference to nonpreemptive scheduling of unit jobs,
nan [13] proved that it is NP-hard to schedule jobs to minimize
:span, when scheduling jobs for an arbitrary number of machines
ject to arbitrary precedence constraints. The preemptive version
chis problem is also NP-hard [14].

Ullman's result leaves open the question of whether NP-hard-
5 holds for any fixed number of machines and, in particular,.
three machines. It is reasonable to believe that if a polyno-
L time algorithm can be found for nonpreemptive scheduling of
> jobs on three machines, a similar algorithm can be found for
preemptive version of the three-machine problem.
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